NOVIKOV'S HIGHER SIGNATURE AND FAMILIES OF ELLIPTIC OPERATORS
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Introduction
Let X be a 2λ>dimensional connected manifold 1 , and suppose that x l9 , x n is a basis for H\X; Z) let ξ 1? , ξ n be the dual basis for Horn (H\X\ Z),Z). For any set of indices {1 <i\ < < i r < n} with r = 2k (mod 4) consider a submanifold M ίχ .., ir C X with trivial normal bundle dual to the product x ixx ir . Define the Novikov higher signature of X by the expression Here sign (M tl ... ir ) denotes the usual Hirzebruch signature. (Note that our definition differs slightly from the one of W. C. Hsiang [6] by the presence of the factors 2 r/2 .) It is easy to see that (*) is independent of the choice of basis. Novikov conjectured that the expression (*) is a homotopy invariant of the manifold X and provided evidence [11] in favor of this conjecture. Rohlin [14] has obtained further partial results. The proof in general has been obtained by W. C. HsiangFarrell [6] and Kasparov [7] using nonsimply connected surgery.
One of the results of this paper is a new proof of Novikov's conjecture based on a completely different approach.
For any Kahler manifold X there is an associated complex torus Pic (X) whose points are the isomorphism classes of holomorphic line bundles on! which are topologically trivial. Let L p denote the holomorphic line bundle corresponding to p e Pic (X). Then there is a holomorphic line bundle L over X x Pic (X) such that for a given p € Pic (X), the restriction L\X x {p} is isomorphic to L p . (See [8] . ) Let A P T*X be the p-th exterior power of the holomorphic cotangent bundle of X, and let O(A*T*X®L) be the sheaf of holomorphic sections of Λ p T*X(g)L over X x Pic (X). In analogy with the Hodge signature theorem we form the element (**) Σ (-ϊ) q R q π*(<!)(Λ*T*X (x) L))
P,Q
belonging to the X-theory of coherent analytic sheaves on Pic(Z). (Here π: X X Pic (X) -> Pic (X) is the projection, and R q π* denote the higher direct image functors.) A calculation based on the Riemann-Roch theorem for the map π shows that the Chern character of (**) is equal to (*), provided we identify A Horn (X\ Z), Z) with #*(Pic (X) Z).
Actually, we show that (*) has an analytic interpretation even if X has not a complex structure. For arbitrary X define a real torus Pic (X) as the identity component of the group of homomorphisms of π λ (X\ x 0 ) into the unit circle 5 1 . (x 0 is a base point of X.) One sees easily that for X Kahler, there is a natural isomorphism from this real torus to the one constructed from the complex structure. Every point p e Pic (X) defines an induced complex flat line bundle L p on X with a flat positive definite hermitian metric, and there is a complex line bundle L over X x Pic (X) such that for any p e Pic (X), L\X x {p} is given a flat structure and a flat hermitian metric which vary continuously with p, and L\X x {p} « L p the isomorphism being compatible with the flat structures and hermitian metrics (see §4.1, §4.2). Consider a riemannian metric on X. Associated to it there is an elliptic operator D on X whose index equals sign (X), see [2, § 6] . For any p e Pic (X), we can "twist" D by tensoring it with the flat hermitian bundle L\X{p] and obtain a new elliptic operator D p . The collection {D p } p€FiciX) is then a family of elliptic operators [3] parametrized by Pic (X) whose analytical index Nov (X) e K(Pϊc (X)) has the property that its Chern character equals (*). This is shown by applying the Atiyah-Singer index theorem for families of elliptic operators [3] which in our case is a substitute for the Riemann-Roch theorem when no complex structures are available.
We have hence a ^-theory equivalent, Nov (X) of (*) which turns out to be much easier to handle than (*). The advantages of the ^-theory or analytic interpretation of Novikov's higher signature are:
(i) it leads to a direct proof of its homotopy invariance, (ii) it can be defined apriori for any Poincare complex, (iii) it can be generalized for fibre-bundles with fibre X. The paper is divided in 5 sections. In § 1 we study "hermitian complexes" over a compact parameter space K(Y). These are complexes of vector bundles which satisfy Poincare duality in a homotopy sense. A signature invariant in K(Y) is introduced, which is shown to be a homotopy invariant of the hermitian complex (see Prop. 1.6). The hermitian complexes occur when dealing with families of signature operators they are a more refined object than the analytic index of such families and play an essential role in our proofs. In § 2 we consider a generalization of Hirzebruch's signature theorem for the case when the coefficients are taken in a flat hermitian bundle. This cannot be proved by cobordism methods as in the classical case, but the general index theorem has to be used. An interesting consequence is derived in § 5 where we prove that if Γ is a discrete, torsion free subgroup of the real symplectic group Sp (2/2, R) with compact quotient, then for a manifold which is a K(Γ, 1) the ^-classes are homotopy invariants in degrees 4k > n(n + 1) -(n + 2)/4. This example is completely different from the case of a torus, when the ^-classes are also known to be homotopy invariants. Actually Novikov conjectured in [12] that the Pontrjagin classes of any manifold which is a K(π, 1) are homotopy invariants. Our result shows that this is the case in certain range for π = Γ. § 3 is devoted to the proof of fibre-homotopy invariance of the analytic index of a family of signature operators with coefficients in a variable flat hermitian bundle (Theorem 3.3). This proof is carried out in more generality than needed for the particular case of the Novikov signature ( § 4.2) so that it can be extended to fibre bundles ( § 4.5, § 4.6). In § 4.3 we show that the invariant Nov (X) e K(Pic (X)) admits an a priori definition for any Poincare complex, whose Chern character, in case X is smooth, is equal to (*). This answers a question of Novikov [12] , [13] . Note that Miscenko [10] has independently constructed an a priori invariant M(X) belonging to a surgery obstruction group L 2k (Z n ) with coefficients in Z[|] but did not show its relation to Novikov's higher signature. The actual relation is as follows: from the group L 2Jc (Z n ) one should pass to K (character group of Z n ) using the homomorphism of Gelfand-Miscenko [5] this element in K-theory has to be interpreted as the analytic index of a family of elliptic operators, and then its Chern character can be calculated from the index theorem for families and gives (*).
In § 4.6 and § 4.7 we prove a multiplicativity formula for Novikov's higher signature: If X -> Z -• Y is a smooth fibre bundle with X, Y, Z manifolds of even dimension such that Y is 2-connected, then
It seems that this cannot be deduced by the method of [4] .
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We assume that Φ is symmetric, i.e., Φ' = Φ. The hermitian complex # will sometimes be denoted by (#, Φ). Φ can also be considered as a pairing P x Γ -^-> 1, (1 is the trivial bundle over Y) which is linear in the first variable and antilinear in the second, and satisfies ζx 19 x 2 y = <JC 2 , X^. For this reason, Φ is called the cup-product. The condition that Φ: ^-> #" is a homotopy equivalence is equivalent to the following condition: for any y eY and any i the pairing of the i-th and (-O-th cohomology space of the complex { - 
is homeomorphic to a euclidean space, it follows that a splitting always exists and moreover, any two splittings are homotopic. = a{β, Ψ) .
General case. First we can find a homotopy-commutative diagram
where $ is some (bounded) complex over Y and the vertical maps are homotopy equivalences admitting left-inverses. This fact is well known, or can be proved by a slightly simpler method than the proof in Proposition 1.3. On $ we can define a natural (up to homotopy) structure θ of (possibly nonregular) hermitian complex. Using Proposition 1.3 we can find a regular hermitian complex {i, θ) and a homotopy equivalence δ -> & admitting a left inverse and commuting with the cup-products. Applying Case 3 to the compositions Ή -> i and 2 -• i we find that <j(#, Φ) = σ(£, θ) = σ(^, ?Γ). This concludes the proof. 1.7. Remark. As a consequence of Proposition 1.3 and Proposition 1.6, the invariant a defined in § 1.5 only for regular hermitian complexes extends uniquely to an invariant defined for any (not necessarily regular) hermitian complex, which is a homotopy invariant of the hermitian complex.
r-complexes. A τ-complex is a regular hermitian complex (#, Φ)
over Y together with isomorphisms τ: ^ι -^-> #~* defined for all i such that (i) ror=l, + Θ #°)~ given by C^0)* = {χζtf°\τx = ±x} is a splitting of (^°, Φ) in the sense of §1.4. Conversely, given a regular hermitian complex (^, Φ) together with positive definite hermitian forms on Ή 1 , i < 0 and a splitting of (y°, Φ), there is a natural involution τ which makes (^, Φ) a τ-complex.
1.9. Gluing together r-complexes. We will need the following 
Signature with local coefficients
Flat hermitian vector bundles.
Let Ibe a manifold of dimension 2k, and E ->X be a vector bundle with a nondegenerate hermitian metric (possibly indefinite). We suppose that a flat structure is given on E, i.e., a maximal system of trivializations of E over various open sets of X, with locally constant transition functions. Then the notion of locally constant sections of E over an open set of X is defined, and we require that the metric is flat in the sense that the inner product of two locally constant sections of E is again a locally constant functions.
Over any connected component of X, giving a vector bundle E with the structures described above, is equivalent, to a representation of the fundamental group into some U(p, q) once we have chosen a base point (see § 1.4).
The flat structure defines a natural smooth structure on E, and an exterior differential d:
denotes the space of smooth p-forms on X with values in E.) The metric on E defines an exterior product {,}:
which is linear in the first factor and antilinear in the second. Here we have used the evaluation on the fundamental class: Ω 2k (X, C) -* C Define: <,> = {,} on even forms, and V -1{ , } on odd forms d = d on odd forms, and V -Id on even forms. Note the following formulas:
(The absence of signs is explained by the presence of V -1 in the definition of < , > and 2.) Denote by H*(X 9 E) the cohomology of the complex (Ω*(X, E), d). It is well known that H*(X, E) is finite dimensional. <( , > induces a nondegenerate hermitian form on H k (X, E) whose signature will be denoted by sign (X, E) € Z. Suppose that X' is another manifold of dimension 2k, and let /: X' -> X be a smooth map. Then the pull back bundle f E over X f has an induced metric and flat structure, and we have a natural map /*:
Since the pull back bundle h ι E has a canonical flat structure, we get a canonical isomorphism h ι E = π ι flE, where π: X' X [0,1] ->Z 7 is the projection onto the first factor. This also gives a canonical isomorphism j\E « f[E which will be used to identify these two bundles together with their metrics and flat structures. We shall show that / 0 *, ff: Ω*(X, E) -> β*(Z', /JE) are chain-homotopic in a natural way. In fact, if ω e β p (Z, £), the form A*(ω) 6 fl^AΓ 
The basic elliptic operator.
We preserve the notations of § 2.1. We shall construct an elliptic differential operator on X whose index is equal to sign (X, E). This will be similar to the operator constructed in [2, § 6] , except for the fact that in [2] the authors assume E to be the trivial line bundle with the standard metric and flat structure.
Choose a smooth splitting E = E + 0 E~ (for the definition, see § 1.4). If we change the sign of the metric on E~ and leave it unchanged on E + , we get a positive definite hermitian metric on E which is of course not necessarily flat, because the splitting has no relation to the flat structure. Fix a riemannian metric on X. We have then induced pre-hilbert structures (,) on Ω P (X,E). Define r:
Then τ satisfies r 2 = 1, <rω, α/> = <α>, τα/>, <τω, ω> > 0. r defines a C°°(X)-linear involution of J] Ω P (X,E), and we define β + (Z,£;) (resp. Ω~(X,E)) as the eigenspaces corresponding to +1 (resp. -1). These are the spaces of smooth sections of well-defined vector bundles over X. The adjoint of
with respect to the pre-hilbert structures is clearly τdτ:
, and one sees easily, using harmonic forms as in [2] , that 
Suppose that X x -> X 2 -» X is a smooth fibre bundle with X l9 X 2 , X even dimensional manifolds. The middle cohomology of the fibres with complex coefficients then form a flat vector bundle H over X with a flat hermitian metric coming from the cup-product on X λ . The proofs in [1] , [4] show actually that one has sign (Z 2 ) = sign (X, H) although the notion of signature with local coefficients is not explicity considered in these papers. Also, in [1] , it is shown by an example that ch (H + -H~) may have nonzero components in positive dimensions. Such examples are easier to find (see § 5) if we do not require that H comes from a geometric situation as above, but that it is an arbitrary flat hermitian bundle over X.
Families of flat hermitian vector bundles
In this section we shall extend the results of § 2 to families. 3.1. Let Y be a compact space, and Z -> Y a locally trivial fibre bundle over Y with fibre X, a 2λ;-dimensional manifold. We shall suppose that the structure group of this fibre bundle is the group Difϊ + (X) of orientation preserving diffeomorphisms of X. Z is a manifold over Y in the sense of [ These two structures are assumed to be compatible in the following sense: given two sections of E over some open set U in Z, which are "locally constant" on any intersection U Π X y , yzY, their inner product must be locally constant on any U Π X y , y e Y.
Then for any y e Y, the restriction bundle E y -E\ X y is of the type described in § 2.1 in particular it has a natural smooth structure.
Let One can show that this definition is independent of the choices made. It is also clear that sign (Z/Y; E) is independent of the chosen splitting and riemannian metric. 3.2. Our next task will be to exhibit a particular choice for V and W mentioned at the end of § 3.1. Observe that Ω together with the pairing < , > and the involution is very much like a τ-complex (see § 1.8) except for the fact that it has infinite-dimensional bundles. We will construct now a genuine τ-complex associated to Ω. Let Δ y be the Laplace operator in Ω y defined by
Let a y > 0 such that a y is not an eigenvalue for Δ y for any i. 
. Then there exist a (finite dimensional) regular hermitian complex <€ over Y and homotopy equivalences p: &-*%?, q: %? -> Ω homotopy inverses to each other, commuting on cohomology level with the cup-products for any fixed y eY and such that sign(Z/Y; E) = σ(&) .
Remark. This proposition should be compared with a result of G. Segal [15] asserting that a family of elliptic complexes over a compact space Y has the homotopy type of a finite dimensional complex over Y. Actually, this result follows also from our methods. The following is a generalization of § 2.2 (which corresponds to the case Y = point):
sign (Z'\Y'\ fE) = £ ! (sign (Z/Y; E))zK{Y') .
Proof. We can suppose that
Corollary. Under the hypothesis of Theorem 3.3 one has 
Novikov's higher signature
In this section we specialize the results of § 3 to more concrete geometric situations. In particular we show how Novikov's higher signature comes from a family of flat hermitian bundles over some torus.
4.1. Duality of tori. By definition, a torus is a compact connected abelian Lie group. If T is a torus, the Pontrjagin dual t -Hom^CΓ, S 1 ) is a finitely generated free abelian group with discrete topology. Here S ι = R/Z. The Pontrjagin dual of Hom z (f, Z) is then again a torus T* which will be called the torus dual to T.
Similarly, if we put Γ* = Hom z (Γ, Z) and F* = Γ* (x) R = Hom Λ (F, R), z then Γ* is canonically isomorphic to F*/JΓ*. Let < , ) be the duality pairing V X V* -> R. Consider the action of Γ X Γ* on V X F* X C defined by ! L' on X' X (TO*. Since L and 1/ were constructed in a functorial way, we have V = (g x (g*)"
1 )^-Since L is flat in the fibre-directions, a fibrehomotopy between (g X (g*)"
1 )^' X 1) and (p X 1)(/ X (g*)" 1 ) defines an idetification of (p' X l) ! (g X (g*)" 1 )^ and (/ X (g*)"
! L' and (/ X (g*)" 1 )'^ X 1) ! L can be identified (together with their flat structures along fibres and metrics). The theorem follows directly from Theorem 3.3.
We shall apply this theorem in the case T = H X (X\ S 1 ), considered as a Lie group. The dual torus Γ* can be naturally identified with H\X; S ι )°. (The superscript ° denotes the component of the identity.) We shall denote TAlb (X),T* = Pic (X) and call them, in analogy with algebraic geometry, the Albanese, resp. Picard torus of X. Suppose X to be connected 5 , and choose a base point x Q e X and a Riemann metric on X. These data define a smooth map X -ίU Alb (X) by the formula Γ which should be interpreted in the following way: given xεX, choose a smooth path γ from x 0 to x. Any ω e H\X R) can be represented by a unique harmonic 1-form on X whose integral along γ is denoted by ω. Thus we get a linear XQ form on H\X\ R), i.e., an element in H X (X; R). If we change the path γ in some other path y' from x 0 to x, our element is modified with the element of H λ (X, Z) determined by the closed path (f)' 1 o γ. We hence have a well defined element p(x) e H γ (X R)/ image H X (X\ Z) = Alb (X). Clearly, the homotopy class of p is independent of the choice of the base point and riemannian metric. (Actually, the functors Alb (X) and Pic (X) are defined for any polyhedron X with finite 1-skeleton, and there is always a canonical map up to homotopy p: X -• Alb (X) p is characterized by the property that if H^Alb (X) Z) is identified with H λ (X, Z)/Tors, then H λ (p): ^(X; Z) -> H^X; Z)/Tors is the natural projection.)
For any 2fc-manifold X we define the "Novikov higher signature" by the formula
where p:X-> Alb (X) is the canonical map. From the above theorem we deduce the following
Corollary. Let X' > X be a smooth orientation preserving homotopy equivalence of 2k-manίfolds. Identify £(Pic (X)) = K(Pic (X')) via f. Then
Nov (X) = Nov (X') e K(Pic (X)) .
Actually, the theorem can be deduced from the corollary, using the following
P Pi
property of the map X > Alb (X): Given any map X > T into some torus there exists a unique homomorphism of tori Alb (X) > T such that p x = hop. 4.3. Poincare complexes. The homotopy invariance theorem proved in § 4.2 suggests that Nov (X) might be defined purely in terms of the Poincare duality on X. We will show that this is, indeed, the case.
Suppose that X is a finite polyhedron. Assume that X satisfies Poincare duality in the following form: A fundamental class [X] e H 2k (X; Z) is given, and for any local coefficient system S of complex vector spaces of dimension 1 over X, the map H l (X\ S) > H 2k _ t (X; S) is assumed to be an isomorphism for any /. Such an X will be called a Poincare complex of formal dimension 2k. Here i is the inclusion MC.X and r = 2k (mod 4). Substituting in (*) we obtain
Applying the Corollary in § 4.2 we deduce that the numbers sign (M H ... ir ) are homotopy invariants of X for smooth X. This result has been first proved in some special cases by Novikov [11] and Rohlin [14] and in general by W. C. Hsiang-Farrell [6] and Kasparov [7] using nonsimply connected surgery.
Remarks. (1) . The above calculation does not apply, of course, to Poincare complexes. However, for a Poincare complex X of formal dimension 2k, the element Nov (X) € £(Pic (X)) is defined (see It is an interesting problem to decide whether the numbers a iχ ... ίr for r = 2k(A) are divisible by 2 r/2 (as in the smooth case) at least in the case when X satisfies Poincare duality over the integers.
( 2). Until now, we have only considered even dimensional manifolds. The odd dimensional case can be reduced to the even dimensional case in the following way: If X is a (2k -l)-manifold, define
The restriction of this element to K(Pic (X)) is zero, so it can actually be considered as an element in ^(Pic ( 
given by restriction to a fibre is injective with 1-dimensional image. Hence c^Lj is determined by its restriction to a fibre, where it is known by § 4.1. However Cχ(Lj is not decomposable in sum of products of 1-dimensional elements, since R\«r x jr*;β) = 0.)
B
Suppose for simplicity that X is connected and that a section Y -»Z is given so that each fibre X y will have a specific base-point. Choose Riemann metrics on X v depending continuously on y<z Y. By the construction in §4.2 these metrics and the base points determine a fibre-preserving map p: Z -^ Alb (Z/ Y), whose fibre-homotopy type is independent of the choice of metrics. We have then a family of flat hermitian bundles
The analytic index of the associated family of elliptic operators (see § 3.1) can be called the Novikov higher signature of Z -» Y. This is an element
, and again it follows from Theorem 3.3 that it is an invariant under fibre-homotopy equivalences respecting the given section. 4.6. We shall consider now a variant of a situation considered in §4.5 which will be used in § 4.7 for proving a multiplicativity formula for Novikov's higher signature in fibre bundles. Instead of supposing that Z-» Y has a section we shall suppose that Z -• Y is associated to a principal G-bundle over Y, where G is a simply connected topological group, together with a given homo- (ii) (X->XχYχ:Γ*-*Yχ Γ*,L (2) ) .
Let (7u σ 2 be the elements in K(Y X Γ*) associated to (i) and (ii) (see § 3.1).
We shall prove that σ 1 = σ 2 . Let 3 19 Ω 2 be the complexes of Frechet bundles over Y X Γ* associated to (i) and (ii). By definition (see § 3.1) we have
The local trivializations for Z and Z described above define specific isomorphisms Since for dim Y = odd, both sides in (*) are zero, the Theorem follows. This proof is modeled on Atiyah's proof of multiplicativity of the Hirzebruch signature [1, § 4] in case the base is 1-connected.
Non-abelian fundamental groups
In this section we will show how the results of § 2 combined with a result of Matsushima lead to homotopy invariance properties of the Pontrjagin classes of certain K(π, l)-manifolds, with highly non-abelian fundamental group π.
5.1. Let G = Sp (2n, R) be the real symplectic group in In variables, i.e., n the group of automorphisms of R 2n preserving the alternate form Σ U*y Λ +i -Denote by 3t the Grothendieck group generated by all isomorphism classes of finite dimensional complex (continuous) representations of G with a fixed nondegenerate hermitian form, invariant under the action of G. 9 and E 0 F is the orthogonal direct sum of E and F. 01 can be made into a Λ-ring in the usual way.
G acts naturally in C 2w , considered with the hermitian form n Σ teVn+ί -Xn+iPi), of type («, ή). We shall denote this particular representation of G by E o . Let Ebea representation space of G with a nondegenerate invariant hermitian form.
Restricting this representation to the maximal compact subgroup U(ri) c G, E splits into orthogonal direct sum E = E + 0 E~ such that E + , E~ are invariant under U(ή) and the herimitian form is positive (resp. negative) definite on E + (resp. E'). Hence the associated hermitian bundle φ(E) over the classifying space BG has a corresponding splitting (Note that BG is homotopy equivalent to BU(ή).)
By 
